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I. SUMMARY 
In the last few years a series of papers by Duffin [l, 21, Collins [3-61, and 
Bramble [7] have dealt with general means for determining the stress or 
displacement field in an elastic body bounded by a plane or, internally or 
externally, by a sphere; the bounding surface is either stress- or displacement- 
free, or elastically supported. The solutions are in terms of harmonic stress 
or displacement functions and are derived either from continuation of a 
bounded field or reflection of an unbounded one across the plane or spherical 
surface. The object of this note is to show the equivalence of the afore- 
mentioned methods and to present a scheme embodying features of each such 
that the application to problems is somewhat simpler. In addition, a limitation 
of the method is pointed out. 
II. INTRODUCTION 
A common approach to problems of elastic fields in bodies with one or more 
bounding surfaces is to first solve a related problem for a body with no or 
fewer boundaries, and such that the desired singularities lie within the region 
of interest, and then to superpose a “residual” solution thereby satisfying the 
given boundary conditions. The residual solution, of course, must introduce 
no singularities in the region of interest. The usefulness of this method for the 
direct solution of problems in elasticity is largely dependent on having an 
efficacious procedure for obtaining the residual solution, that is, determining 
the elastic field in the body for prescribed surface displacements or tractions. 
For bodies bounded by a plane or a sphere, Love [8, Chapters X and XI] 
gives several general methods, but their application to a specific case is quite 
laborious. 
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Recently there have been published new approaches to this classic problem 
from two different viewpoints, which, however, have an interesting under- 
lying similarity. In the first of the papers considered, Duffin [2] derived a 
theorem for the (analytic) continuation of elastic fields across a plane which 
is either traction or displacement free (or subject to certain mixed conditions). 
He further indicated how the operation derived could be used to generate 
residual solutions for the half-space problem corresponding. to a given elastic 
field in an unbounded region. Later, Bramble [9, lo] derived continuation 
formulas for plane and three-dimensional elastic fields with circular or 
spherical boundaries subject to displacement- or stress-free or general mixed 
(elastically supported) conditions, but he did not discuss a procedure for 
generating solutions in the bounded solid. In the meantime, Collins derived 
general expressions for stresses in a solid bounded internally by a sphere 
which is either traction- [3, 51 or displacement-free [4] in terms of the 
elastic field in an unbounded solid with singularities outside the sphere. 
Collins’ derivation is based, not on continuation as such, but on superposition 
of appropriate harmonic stress or displacement functions which negate each 
other on the spherical surface. However, this is accomplished by taking as the 
residual stress or displacement function, the spherical inverse of that for the 
unbounded field, which by Kelvin’s inversion theorem introduces no new 
singularities in the region exterior to the sphere. The problem is thus quite 
concisely solved. Subsequently, Bramble [7] formulated a sphere theorem 
for the equations of elasticity, generalizing Collins’ results [3, 43 to include an 
elastically supported spherical boundary (mixed boundary conditions), and 
treating the interior rather than the exterior problem. Finally, Collins [6] 
formulated a general solution for the half-space with fixed or free surface, 
the residual function in each case being derived by plane reflection of that for 
the unbounded solid. The resulting expressions are equivalent to those 
derived by Duffin [2]. A synthesis of the basic elements of the above analyses 
leads to a systematic approach to problems involving plane or spherical 
boundaries. 
III. FORMULATION AND SOLUTION OF PROBLEM 
Using the notation of Duffin [2], we consider open sets E*, E, and E’ such 
that E* contains E and E’, and E’ is the reflection of E in the surface Q. Thus 
E* = E + E’ + Q. For example, for Q the intersection of E* with the plane 
x = 0, E is the intersection of E* with the half space x > 0. For convenience 
we denote by f’ the value of a continued function f at p’, the image of point p. 
We consider a vector point function ui which represents the displacement in 
fixed boundary problems and the traction on a coordinate surface in free 
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boundary problems. The traction vector is given by ui = 7ii for a field with 
the plane boundary xi = 0, and by Ui = xjrri for the field with a spherical 
boundary.1 The governing field equations are then, 
and 
Aui =f.i, i = (1,2,3) (1) 
Af=O in E*, (2) 
where d is the Laplace operator. The harmonic function f is given by 
f = - &A, for ui the displacement vector, (3) 
1 
f = - l+o 7ji.l 
and 
(4) 
It is assumed that there are no body forces; ~7 denotes Poisson’s ratio. Equa- 
tions (1) and (3) constitute the displacement equations of equilibrium, (1) and 
(4) the Beltrami-Michell compatibility equations [8, p. 1351, and (1) and 
(5) the Beltrami-Michell equations combined with the general condition of 
stress equilibrium. 
The boundary conditions considered here2 are in each case 
ui = 0 on Q. (6) 
We can express the vector ui in terms of stress or displacement functions Qt 
and IJ in the following manner 
with 
ui = @i + S(Q) $,i, (7) 
AcDi=A#=O in E* (8) 
1 The traction, Ri = uJr = ~,+q/r. 
B See Section IV for a reference to other boundary conditions. 
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and 
S(Q) = x for Q the plane x = 0, (9) 
and 
S(Q) = (r2 - a2) for Q a sphere of radius a. 
The condition that (7) satisfy identically the field equations (1) and (3), 
(4), or (5), gives rise to corresponding equations defining # as a function 
of Qi. These relations need not be given here, but it should be borne in mind 
that determination of Qi in each particular case leads directly to yG and thus 
to ui, That representation (7) satisfies (1) and (2) identically was proven by 
Bramble [9, p. 338, Lemma 3] for Q a sphere; it is equivalent to Collins’ 
solutions in [3, p. 243; 4, p. 345; 6, p. 1491. 
Now, by a lemma of Duffin [2, p. 3161 and its analog for a spherical sur- 
face, since Qii + S(Q) #,i vanishes as any point of Q is approached, then Qii 
vanishes as any point of Q is approached. 
Qi-+O as p-+Q. (11) 
Then by the reflection principle of Schwarz for the plane or that of Kelvin 
for the sphere, the harmonic function ai can be continued analytically 
across Q yielding for the plane 
@A- x, y, 4 = - @i(X, y, 4 (12) 
and for the sphere 
@i(R, 8, $J) = - $ @i(Y, 0, $), (13) 
where Rr = a2. 
Now, we can decompose the vector field ui (and similarly the harmonic 
functions Qii and 9) into uy + IA?, where uy corresponds to a field in an un- 
bounded solid, and ur to the appropriate residual field. But if 
hi = up + up, (14) 
then Eq. (11) and (12) are satisfied by 
(15) 
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and (11) and (13) are satisfied by 
Note that @ and 04, the corresponding scalar potential functions v and 
$O, and the displacement or traction fields $ and uj are all defined throughout 
E*. Moreover, since the original field uf is chosen so as to have singularities 
only in E, the region of interest, the singularities of $, obtained by inversion, 
lie in E’. Thus uj = u,O + u; possesses the desired singularities in E and, by 
construction, satisfies the imposed boundary conditions on Q. 
IV. REMARKS 
The above analysis is concerned with a general procedure for determining 
the elastic field in a region whose plane or spherical boundary is either stress- 
or displacement-free, when the corresponding solution for an unbounded 
region is known. Essentially the same analysis yields the continuation of a 
bounded field. Decomposing the stress or displacement field as in (7), the 
harmonic function Qr is continued across Q, and Eq. (l)-(5) and (7) yield the 
continuation of # and thus of Us. This is the procedure of Bramble in [9, IO], 
of Bramble and Payne [ll, 121, and of Duffin [2], although Duffin uses 
another representation in place of (7). 
Furthermore, although only stress-free or displacement-free boundary 
conditions are here considered, the analysis can be extended to mixed cases as 
in Duffin [2], Bramble [IO], and Bramble and Payne [ll, 121. 
Finally, it seems worth noting that this reflection procedure is not appli- 
cable to boundary surfaces other than the plane and the sphere, as inversion 
in a ‘sphere and in a plane are the only (nontrivial) conformal maps of a 
Euclidean volume into a Euclidean volume. 
V. EXAMPLE: POINT FORCE PARALLEL TO A PLANE BOUNDARY 
To illustrate the general procedure described above, the problem, first 
solved by R. D. Mindlin [13], of an elastic half space with a force at a point 
in the interior will be treated. The force is assumed to act at the point (c, 0, 0), 
parallel to the z-axis; the surface x = 0 is stress-free. The corresponding 
solution for an unlimited solid is due to Lord Kelvin and is given in Love 
[8, p. 183 ff.]. 
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Since in the case considered here Q is the plane x = 0 and is stress-free, the 
vector point function ui is chosen to be the stress vector rri, and the harmonic 
function f in Eq. (1) is given by (4). In accordance with Eq. (7) we express 
71i as 
Tli = @i + x+*i. (17) 
We establish the relation of #,* to Gi from the field equations, in this case 
Eq. (1) and (4), the Beltrami-Michell equations. When the expression in (17) 
is substituted for ui in the field equations, the resulting relation is 
If we employ the notation 0 for the stress invariant Tjj, and note that @,i and 
$,i are harmonic and that d(4.i) = 2$,li, Eq. (18) yields 
2*,li = - + B,li. 
a 
(19) 
Thus the field equations are satisfied if 
that is, 
1 
-_ T1i = 0, - 2(1 + D) XB,i. 
(20) 
In order to make pi< completely determined by ai it remains to find the rela- 
tion of 0 to Cpi. This follows directly from the condition of stress equilibrium, 
7,i.i = 0, which, applied to the stress vector 71i given by (Zl), yields 
(22) 
The form of Eq. (22) suggests that 8n be found by integrating the expres- 
sion for Q, c,tR, the divergence of the continuation of @p. However, a method 
employed by Collins [6] provides a very considerable simplification. Starting 
with Eq. (22), the analysis proceeds as follows, 
e%9 = w + 4 Q%P) 
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or, 
a4 = - 4u + 4 &(P’> - bill - ~l(P’>. (23) 
Note that [F@‘)l,t = U;;(P’) + Fi,&‘); 7ii,: = 0; and B,ii = 0. Integrating 
Eq. (23), we obtain the following expression for p(p); 
@%J> = - 4(1 + 4 &P’) - WlW + e”(P’,. (24) 
We now have the particular form assumed by the general solution when 
applied to a body with a traction-free plane boundary. To generate a specific 
elastic field with this boundary condition, the field rifO for an unbounded 
region is expressed in terms of an appropriate @f, which is then reflected in Q 
to yield @f and consequently @ and 7: ; 7: + T$ is the required half-space 
solution. 
For a point force of magnitude Z,, parallel to the z-axis, acting at (c, 0,O) 
in an unbounded solid, the stress components are [8, p. 1861 
0 -rll = - 2pA ; [3 r+)2 - &] 
1 
0 
713 = - 2pA ?-I-f [3 (f-,” + A] 
*,” ASP 
To - 12 - 
_ f&4 (x - 4.P 
t: 
Bo = -4pA(l +a);, 
1 
(25) 
where < = (X - c)~ +y2 + x2, A = (h + CL) Z,/8~p(h + 2~), and A and p 
are the Lame constants. Substituting the components of Ttj and 0,: into 
Eq. (21), we obtain as components of @’ 
@; = ~/LA f [ 1 - 20 + 3c(x - “1 
1 r,” 
@;+A&[+ s-(1 -20)(X-C)]. 
1 1 
(26) 
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@ is obtained directly by continuation across x = 0, yielding 
‘@{f’) = - 2pA + [l - 20 - “txr, “1 
2 2 
Q:(p) = - 6pACF 
2 
@(I’) = - 2~4 $ [y + x + (1 - 20) (x + c,] (27) 
where 
r; = (x + c)” + y* + x2. 
Finally, L@(p) is derived according to Eq. (24), using ~~~ and 80 from (25). 
The result is 
OR@) = 4( 1 -j u) /LA % [( - 3 + 4~) + 6c’xrz+ “‘1 . (28) 
2 
Using 6.f from Eq. (28) and @” f rom Eq. (27), Eq. (21) yields the residual 
solution r$. Superposition of & and 7:‘ gives 
+ $ ((40 - 3) (x + c) - 2c + loc’xr; “‘p) 1 
3(x - c) 
-r12 = 2pAy.z - y - I 3(3 - t,” 4a)(x+c)+6(1 -2c++3Ocx(x+c)) e r2” f; i 
713 = 2pA 
I 
- (1 - 2~7) (x - c) 
( 
$ - $) 
1 2 
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These expressions are equivalent to those derived by Mindlin and recorded 
in Appendix II of Mindlin and Cheng [14]. 
If so desired, it is possible to derive the displacements and hence the 
remaining stress components from the stress vector rri and the stress inva- 
riant 8, by means of the stress-displacement relations. We will not go through 
-this for the above example, but the general procedure may be found in 
Collins 161. 
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